A k-sun graph S(C k ) is obtained from the cycle of length k, C k , by adding a pendant edge to each vertex of C k . A k-sun system of order v is a decomposition of the complete graph K v into k-sun graphs. In this paper, we use a difference method to obtain k-sun systems of all possible orders for k = 6, 10, 14 and 2 t where t is a positive integer at least 2. More precisely, we obtain cyclic k-sun systems of odd order and 1-rotational k-sun systems of even order when the order is greater than 4k.
Introduction
Let G be a simple graph and K v be a complete graph with v vertices. A decomposition D of G is a collection of edgedisjoint subgraphs G 1 , G 2 , . . . , G n of G such that every edge of G belongs to exactly one G j for j = 1, 2, . . . , n. D is called a Γ -decomposition of G if each member of D is isomorphic to the graph Γ . A Γ -decomposition of G is also called a (G, Γ )design [9] . In particular, if G is K v and Γ is C k with k ≥ 3, then a (K v , C k )-design is known as a k-cycle system of order v. The decomposition problem has been solved for various other graphs for example, stars [18] , paths [19] , m-cycles [1, 17] , and various other small graphs for order 4 or less [5] , order 5 [4] and order 6 [22] .
A k-cycle is a cycle of length k, denoted by C k . A k-sun graph S(C k ) is obtained from C k by adding a pendant edge to each vertex of C k . If the vertex set of C k is {u 1 , u 2 , . . . , u k } and the edge set is {u 1 u 2 , u 2 u 3 , . . . , u k u 1 }, then C k can be denoted by (u 1 , u 2 , . . . , u k ). If the pendant vertex set of S(C k ) is {w 1 , w 2 , . . . , w k } and the pendant edge set is {w 1 u 1 , w 2 u 2 , . . . , w k u k }, then S(C k ) is denoted by
Let A be an automorphism group of a k-sun system of order v, that is a group of permutations on the vertex set of v points such that the collection of k-sun graphs, called blocks, is invariant. If there is an automorphism of order v, then the design is said to be cyclic. For a cyclic k-sun system of order v, the set V of v points can be identified with Z v , i.e., the residue group of integers modulo v. In this case, the design has an automorphism σ : i  → i + 1(mod v) which is also represented by σ = (0, 1, . . . , v − 1). Let B be a block of a cyclic k-sun system. A block orbit Orb(B) of B is defined by {B + y|y ∈ Z v }. The length of a block orbit is its cardinality. A block orbit of length v is said to be full, otherwise short. A base block of a block orbit O is a block B ∈ O which is chosen arbitrarily.
If there is an automorphism consisting of a single fixed point and one cycle of length v − 1, then the design is said to be 1-rotational. The automorphism can be represented by π : i  → i + 1(mod v − 1) and ∞  → ∞ which is also represented by π = (∞)(0, 1, . . . , v − 2) on the point-set V = {∞} ∪ Z v−1 . A block orbit of a 1-rotational k-sun system is defined similarly to that of a cyclic k-sun system, but under the automorphism π . Any cyclic or 1-rotational k-sun system should be generated from base blocks.
So far, when G is C n , there are many results about cyclic or 1-rotational n-cycle systems, see [6] [7] [8] 11, 16, 20] . If G is a graph obtained from C k by adding m (≥1) distinct pendent edges to the vertices of C k , denoted by Θ m C k then Wu and Lu obtained the following theorem.
Theorem 1.1 (Wu and Lu [21] ). For any positive integers k and m with k ≥ 3, there exists a cyclic (K 2(k+m)+1 , Θ m C k )-design. Moreover, if k is even, then there exists a cyclic (K 2p(k+m)+1 , Θ m C k )-design for any positive integer p.
Since S(C k ) can be viewed as Θ k C k , it implies the following result.
Corollary 1.2.
For any positive integer k ≥ 3, there exists a cyclic k-sun system of order 4k + 1. Moreover, if k is even, then there exists a cyclic k-sun system of order v where v ≡ 1(mod 4k).
In this paper, we obtain the following results:
There exists a k-sun system of order v if and only if v ≥ 2k and v(v − 1) ≡ 0(mod 4k).
Definitions and notations
Before we give the construction for a cyclic or 1-rotational k-sun system of order v, we need to have the following definitions. Let {a, b} be an edge of K v . We use ±(a − b) to denote the difference of the edge {a, b} and use ∞ to denote the difference of the edge {∞, b}.
The k-sun graphs S i are called the base blocks. If B 1 , B 2 , . . . , B t form a (v, k)-difference family, then the translates of the base blocks, namely
, form a cyclic k-sun system of order v. We will extend the cyclic k-sun system of order v to have base blocks with short orbits. Let D be a cyclic k-sun system of order v and B 1 , B 2 , . . . , B ℓ be base blocks of D. Then D =  ℓ i=1 Orb(B i ). If B is a base block with a full orbit, then each element in B appears exactly once and | B| = 4k. If B is a base block with a short orbit and |Orb(B)| = t < v, then each element in B appears exactly v/t times.
Let q, t and r are positive integers. If v = qt and k = qr and B is a base block of a k-sun system D of order qt which has a cyclic form as follows:
with w ir+j = it + w j and u ir+j = it + u j for i = 0, 1, . . . , q − 1 and j = 1, 2, . . . , r, then we will use the short expression
means that d appears q times in the multiset B. Thus the length of the orbit of B is t, i.e., |Orb(B)| = t. . The difference set of B is B = {±1 (5) , ±2 (5) , ±3 (5) , ±12 (5) } and |Orb(B)| = 13.
In the following section, we will use the short expression for the base blocks with short orbit. Given a, b ∈ Z, we define the notations:
Main results
If there exists a k-sun system of order v, then we call v is admissible. The set of all admissible values v is called the spectrum of a k-sun system and is denoted by Spec(k). By counting the number of k-sun graphs in the decomposition of K v , we obtain Spec(k) for k = 2 t (t ≥ 2), 6, 10, and 14 as follows.
(1) Spec(2 t ) = {v|v ≡ 0, 1(mod 2 t+2 )} for t ≥ 2.
(2) Spec(6) = {v|v ≡ 0, 1, 9, 16(mod 24)}. In this section, we will construct cyclic 2k-sun systems of order v when v is odd and 1-rotational 2k-sun system of order v when v is even.
From Corollary 1.2, we have the following result.
Lemma 3.1. Let k ≥ 2 be an integer. If v ≡ 1(mod 8k) then there exists a cyclic 2k-sun system of order v.
Before we construct a 1-rotational 2k-sun system of order v with v ≡ 0(mod 8k), we consider the case of k = 2.
It is easy to see that the vertices in each B i are different from each other, thus B i is a 4-sun graph for i ∈ [1, p] . After calculating the differences, we have Proof. Let v = 8kp for p ≥ 1. If there exists a 2k-sun system of order v, then K v should be decomposed into 8kp(8kp − 1)/8k = p(8kp − 1) 2k-sun graphs. Let
where if k is even then
It is easy to see that the vertices in each B i are different from each other, thus B i is a 2k-sun graph for i ∈ [1, p] . After calculating the differences, we have
From Lemmas 3.1-3.3, we have the following result. Theorem 3.4. Let t ≥ 2 be an integer. A cyclic 2 t -sun system of order v exists if and only if v ≡ 1(mod 2 t+2 ) and a 1-rotational 2 t -sun system of order v exists if and only if v ≡ 0(mod 2 t+2 ).
Next, we start to construct a cyclic 6-sun system of order v with v ≡ 9(mod 24) and a 1-rotational 6-sun system of order v with v ≡ 16(mod 24). Lemma 3.5. There exists a cyclic 6-sun system of order v whenever v ≡ 9(mod 24).
Proof. Let v = 24p + 9 for p ≥ 1. If there exists a 6-sun system of order v, then K v should be decomposed into (24p
 ,
It is easy to check that the vertices in each B i are different from each other, thus B i is a 6-sun graph for i ∈ [1, p + 1]. After calculating the differences, we have
Lemma 3.6. There exists a 6-sun system of order 16.
Proof. If there exists a 6-sun system of order 16, then K 16 should be decomposed into 2 · 5 = 10 6-sun graphs. Let Proof. Let v = 24p + 16 for p ≥ 1. If there exists a 6-sun system of order v, then K v should be decomposed into (24p + 16)(24p + 15)/24 = p(24p + 15) + 2(8p + 5) 6-sun graphs. Let
It is easy to check that the vertices in each B i are different from each other, thus B i is a 6-sun graph for i ∈ [1, p + 2]. After calculating the differences, we have
From Lemmas 3.1, 3.3, 3.5, 3.6, and 3.7, we have the next theorem. Next, we will construct a cyclic 10-sun system of order v with v ≡ 25(mod 40) and a 1-rotational 10-sun system of order v with v ≡ 16(mod 40). Lemma 3.9. There exists a 10-sun system of order 25.
Proof. If there exists a 10-sun system of order 25, then K 25 should be decomposed into 3 · 5 = 15 10-sun graphs. Let  , and let S 1 = {B 1 + 5i|i = 0, 1, 2, 3, 4}, S 2 = {B 2 + i|i = 0, 1, 2, 3, 4}, and S 3 = {B 3 + i|i = 0, 1, 2, 3, 4}. It is obvious that B 1 , B 2 , and B 3 are 10-sun graphs. Since B 1 = ±{1 (5) , 5 (5) , 9 (5) , 10 (5) }, B 2 = ±{2 (5) , 4 (5) , 6 (5) , 8 (5) }, and B 3 = ±{3 (5) , 7 (5) , 11 (5) , 12 (5) }, it implies that B 1 , B 2 , and B 3 form a (25, 10)-difference family. Therefore, S 1 ∪ S 2 ∪ S 3 is a 10-sun system of order 25. Proof. Let v = 40p + 25 for p ≥ 1. If there exists a 10-sun system of order v, then K v should be decomposed into (40p + 25)(40p + 24)/40 = p(40p + 25) + 3(8p + 5) 10-sun graphs. (5) , 4 (5) , (8p+6) (5) , (8p+9) (5) }, B p+2 = ±{2 (5) , 5 (5) , (8p+7) (5) , (8p+10) (5) }, and B p+3 = ±{3 (5) , (8p + 8) (5) , (20p + 11) (5) , (20p + 12) (5) } where |Orb(B i )| = 40p + 25 for i ∈ [1, p] and |Orb(B p+1 )| = |Orb(B p+2 )| = |Orb(B p+3 )| = 8p + 5.
Since B 1 , B (5) , 4 (5) , (8p+6) (5) , (8p+9) (5) }∪±{2 (5) , 5 (5) , (8p+7) (5) , (8p+10) (5) }∪±{3 (5) , (8p+8) (5) , (20p+11) (5) , (20p+12) (5) } = Z * 40p+25 , it implies that B 1 , B 2 , . . . , B p+3 form a (v, 10)-difference family. Therefore,  p+3 i=1 Orb(B i ) is a cyclic 10-sun system of order v = 40p + 25. Lemma 3.11. If v ≡ 16(mod 40) then there exists a 1-rotational 10-sun system of order v.
Proof. Let v = 40p + 16 for p ≥ 1. If there exists a 10-sun system of order v, then K v should be decomposed into (40p + 16)(40p + 15)/40 = p(40p + 15) + 2(8p + 5) 10-sun graphs.
For i ∈ [1, p] ,
It is easy to check that the vertices in each B i are different from each other, thus B i is a 10-sun graph for i ∈ [1, p + 2]. After calculating the differences, we have (5) , 3 (5) , (8p+4) (5) , (20p+6) (5) }, and B p+2 = ±{2 (5) , (8p+5) (5) , (8p+6) (5) , (20p+7) (5) (5) , 3 (5) , (8p + 4) (5) , (20p + 6) (5) } ∪ ±{2 (5) , (8p + 5) (5) , (8p + 6) (5) , (20p
From Lemmas 3.1, 3.3, 3.9, 3.10, and 3.11, we have the next theorem. Next, we will construct a cyclic 14-sun system of order v with v ≡ 49(mod 56) and a 1-rotational 14-sun system of order v with v ≡ 8(mod 56). We need to construct cyclic 14-sun systems of order 49 and 105 first. Lemma 3.13. There exists a 14-sun system of order 49.
Proof. If there exists a 14-sun system of order 49, then K 49 should be decomposed into 6 · 7 = 42 14-sun graphs. Let and let S 1 = {B 1 + 7i|i = 0, 1, . . . , 6}, S 2 = {B 2 + 7i|i = 0, 1, . . . , 6}, and S j = {B j + i|i = 0, 1, . . . , 6} for j = 3, 4, 5, 6. It is obvious that B i is a 14-sun graph for i ∈ [1, 6] . Since B 1 = ±{6 (7) , 7 (7) , 8 (7) , 14 (7) }, B 2 = ±{5 (7) , 9 (7) , 15 (7) , 21 (7) }, B 3 = ±{1 (7) , 13 (7) , 16 (7) , 19 (7) }, B 4 = ±{2 (7) , 12 (7) , 17 (7) , 22 (7) }, B 5 = ±{3 (7) , 11 (7) , 18 (7) , 24 (7) }, and B 6 = ±{4 (7) , 10 (7) , 20 (7) , 23 (7) }, it implies that B 1 , B 2 , . . . , B 6 form a (49, 14)-difference family. Therefore,  6 j=1 S j is a 14-sun system of order 49.  .
It is obvious that B i is a 14-sun graph for i ∈ [1, 7] . Since B 1 = ± [8, 15] ∪ ±[23, 41] ∪ {±45}, B 2 = ±{1 (7) , 7 (7) , 16 (7) , 22 (7) }, B 3 = ±{2 (7) , 17 (7) , 42 (7) , 44 (7) }, B 4 = ±{3 (7) , 18 (7) , 43 (7) , 46 (7) }, B 5 = ±{4 (7) , 19 (7) , 47 (7) , 48 (7) }, B 6 = ±{5 (7) , 20 (7) , 49 (7) , 50 (7) }, and B 7 = ±{6 (7) , 21 (7) , 51 (7) , 52 (7) }, it implies that B 1 , B 2 , . . . , B 7 form a (105, 14)-difference family. Therefore,  7 j=1 Orb(B j ) is a 14-sun system of order 105.
Lemma 3.15. If v ≡ 49(mod 56) and v > 105, then there exists a cyclic 14-sun system of order v.
Proof. Let v = 56p + 49, for p > 1. If there exists a 14-sun system of order v, then K v should be decomposed into (56p + 49)(56p + 48)/56 = p(56p + 49) + 6(8p + 7) 14-sun graphs. For i ∈ [1, p] , It is easy to check that the vertices in each B i are different from each other, thus B i is a 14-sun graph for i ∈ [1, p + 1]. Since only when p = 1 and j = 3, 28p + 11 + 2j is a multiple of 8p + 7, B p+j is a 14-sun graph for j ∈ [2, 6] (7) , 7 (7) , (8p + 8) (7) , (8p + 14) (7) } and B p+j = ±{j (7) , (8p + 7 + j) (7) , (28p + 11 + 2j) (7) , (28p + 12 + 2j) (7) } for j ∈ [2, 6] Proof. Let v = 56p + 8 for p ≥ 1. If there exists a 14-sun system of order v, then K v should be decomposed into (56p + 8)(56p + 7)/56 = p(56p + 7) + (8p + 1) 14-sun graphs.
For (7) , (8p + 2) (7) , (28p + 2) (7) , (28p + 3) (7) } where |Orb(B i )| = 56p + 7 for i ∈ [1, p] and |Orb(B p+1 )| = 8p + 1. Since B 1 , B 2 , . . . , B p+1 are mutually disjoint and we have  p+1 i=1 B i = ±[2, 28p + 1] ∪ {∞} \ {±(8p + 2)} ∪ ±{1 (7) , (8p + 2) (7) , (28p + 2) (7) , (28p + 3) (7) } = Z * 56p+7 ∪ {∞}, it implies that B 1 , B 2 , . . . , B p+1 form a (v, 14)-difference family. Therefore,  p+1 j=1 Orb(B j ) is a 1-rotational 14-sun system of order v. 
Concluding remarks
The necessary condition for the existence of a 2k-sun system of order v is v ≥ 4k and v(v − 1) is a multiple of 8k. In Section 3, we obtain that there exists a 2k-sun system of order v as v ≡ 0, 1(mod 8k). It would be interesting to determine the necessary and sufficient conditions for the existence of a 2k-sun system of order v for any prime number k > 2. For any prime number k > 2, the solution of the equation v(v − 1) ≡ 0(mod 8k) is v ≡ 0, 1, sk, (8 − s)k + 1(mod 8k) when k ≡ s(mod 8). In this paper we obtain Spec(2k) for k = 3, 5, 7. However, it seems to be more difficult because, in addition to base blocks with full orbits, we need construct more base blocks with short orbits when k is getting large. We hope that this problem can be resolved in the near future.Moreover, for general k, the solution of the equation v(v − 1) ≡ 0(mod 8k) depends on the divisors of k. The constructions should be more difficult.
